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Quantum many-body scarring is believed to be the mechanism behind long-lived coherent oscilla-
tions in interacting Rydberg atom chains. These persistent oscillations are due to the large overlap
of the many-body scars with certain initial states. We show that the “effective dimension” is a
useful measure for identifying non-thermalising initial states in many-body scarred systems. By
minimising the effective dimension we find physically reasonable initial states of the Rydberg chain
that lead to more pronounced and longer lived oscillations, accentuating the effect of the many-body
scars on the dynamics.
I. INTRODUCTION
Due to advances in experimental techniques with ultra-
cold atoms [1, 2], trapped ions [3], nitrogen-vacany cen-
tres, and other platforms, it is now possible to probe the
quantum coherent dynamics of interacting many-body
systems. This opens the door to the exploration of new
frontiers in condensed matter physics [4], but may also
have a technological impact since it can help us to under-
stand equilibration and thermalisation in quantum sys-
tems, which in turn may help us to develop strategies to
protect quantum coherence in many-body systems.
Quantum equilibration and thermalisation are often
studied by means of a quantum quench, whereby a closed
system is initially prepared in the ground state |ψ(0)〉 of
some pre-quench Hamiltonian Hˆpre ≡ Hˆ(t < 0). After a
sudden change of the Hamiltonian parameters at t = 0,
dynamics is then generated by the post-quench Hamil-
tonian Hˆpost ≡ Hˆ(t > 0). The system equilibrates if all
few-body observables settle to their equilibrium values,
and stay close to these values for most times t > 0. The
system is said to have thermalised if all of these observ-
able equilibrium values are approximately equal to their
expectation values in the Gibbs state [5].
Of course, it is possible to slow down or avoid equili-
bration by starting from a non-equilibrium initial state
|ψ(0)〉 that is a superposition of some subset of the post-
quench Hamiltonian eigenstates with approximately res-
onant energy gaps. However, such an initial state is typ-
ically difficult, or impossible to create experimentally for
a many-body system, particularly for a non-integrable
Hˆpost, as the corresponding pre-quench Hamiltonian may
require highly non-local terms, or fine-tuning of a large
number of Hamiltonian parameters [6].
Despite this, a recent experiment on a chain of cold
Rydberg atoms found unexpected long-lived coherent os-
cillations for a certain initial state [2]. The failure to
equilibrate over experimentally long timescales for this
initial state was argued to be due to its large overlap with
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a band of special eigenstates of the post-quench Hamil-
tonian [7, 8]. These special states violate the eigenstate
thermalisation hypothesis (ETH) [9], and were dubbed
quantum many-body scars, due to similarities with quan-
tum scars in single particle billiard systems [10]. A large
amount of recent work has uncovered various properties
of scars in the Rydberg chain [11–15] and in other models
[16–22].
In this paper, we investigate whether the failure to
equilibrate can be made more extreme with initial states
|ψ(0)〉 that are a superposition of a smaller number of
scar states of Hˆpost. We find that minimisation of the ef-
fective dimension is a useful way of targeting such states.
For the Rydberg chain and a pre-quench Hamiltonian
with next-nearest neighbour terms, we find that the num-
ber of participating scar states can be significantly de-
creased. The resulting dynamics are qualitatively differ-
ent depending on whether L/2 is odd or even, where L
is the length of the chain. However, in either case the
coherent oscillations are enhanced, and longer lived than
for the initial states considered in Refs. [2, 7].
The layout of our paper is as follows. In Section II
we briefly review the phenomenon of quantum many-
body scarring in the Rydberg atom chain and introduce
our figure-of-merit, the effective dimension. In Section
III we introduce our pre-quench Hamiltonian, which in-
volves next-nearest neighbour interaction between Ry-
dberg atoms, and we discuss some of its ground state
properties. Our main results are presented in Section
IV, where we show that this modification can lead to a
significantly reduced effective dimension and a slowdown
in equilibration.
II. QUANTUM MANY-BODY SCARS IN THE
RYDBERG ATOM CHAIN
An effective model for a chain of L cold Rydberg atoms
in the regime of nearest neigbour Rydberg blockade is
given by the post-quench Hamiltonian [23]:
Hˆpost0 = Pˆ Hˆpost0 Pˆ, Hˆpost0 =
~Ω
2
L∑
j=1
σˆxj , (1)
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2FIG. 1. We compare evolution by the post-quench Hamiltonian Hˆpost0 for different initial states, specified by the pre-quench
Hamiltonian parameters (gx2 , g
y
2 ,∆) [see Eqs. 4, 7, 8]. (a, b) The initial state that minimises D
eff (red lines) gives enhanced,
broadened, and longer lived Loschmidt echoes, with qualitatively different dynamics if L/2 is even (a) or odd (b). (c, d) The
optimal initial state gives an enhanced overlap with scar states in the middle of the spectrum, as well as a narrower energy
distribution. If L/2 is even a single eigenstate dominates (c), while if L/2 is odd there are three eigenstates with significant
overlap (d). (e) The optimal initial state gives a significantly reduced effective dimension Deff, and a slower increase with
system size L. (f) The optimal pre-quench Hamiltonian parameters vary only slightly with L.
where σˆxj = |↑j〉 〈↓j |+ |↓j〉 〈↑j | acts on the two-level atom
at site j of the chain. The projector
Pˆ =
L∏
i=1
(
Iˆ− |↑i↑i+1〉 〈↑i↑i+1|
)
, (2)
implements the blockade by excluding states |. . . ↑↑ . . .〉
with two consecutive ↑-states. Such states are annihi-
lated by Pˆ , and are therefore trivial zero-energy eigen-
states of the Hamiltonian Hˆpost0 and may be neglected
[24]. We note that a caligraphic letter is used to distin-
guish the projected Hamiltonian Hˆpost0 from the Hamil-
tonian Hˆpost0 without nearest neighbour blockade.
Assuming periodic boundary conditions, the Hamilto-
nian Hˆpost0 , is invariant under the translation of site in-
dex j → j+1, implying that the momentum k = 2pin/L,
n ∈ {−L/2 + 1,−L/2 + 1, . . . , L/2} is a conserved quan-
tum number. Reflection around the mid-point of the
chain j → L − j + 1 is also a symmetry of the Hamilto-
nian, implying the conservation of spatial parity p = ±1.
Moreover, the post-quench Hamiltonian obeys a particle-
hole symmetry {Hˆpost0 , Πˆ} = 0, where Πˆ ≡
⊗L
j=1 σˆ
z
j is
the excitation number parity operator. This implies that
for any eigenstate |E〉 of Hˆpost0 with eigenvalue E there
is also an eigenstate Πˆ |E〉 with the eigenvalue −E.
It was observed in Ref. [2] that for the initial
state |ψ(0)〉 = |↓↓↓ . . .〉 the system rapidly thermalises.
However, for the initial Ne´el state |ψ(0)〉 = |Z2〉 ≡
|↑↓↑↓ . . .〉 (or, alternatively, for |ψ(0)〉 = |Z′2〉 ≡
|↓↑↓↑ . . .〉) the dynamics show persistant oscillations of
local observables. The blue lines in Fig. 1(a, b)
show the revivals of the Loschmidt probability L(t) ≡
|〈ψ(0)| exp(−itHˆpost0 /~)|ψ(0)〉|2, calculated numerically
for chain lengths L ∈ {28, 30} and for |ψ(0)〉 = |Z2〉. By
comparison, for |ψ(0)〉 = |↓↓↓ . . .〉 the Loschmidt proba-
bility decays rapidly and does not revive within the time
of our numerical calculation (the black lines). [The red
lines in Fig. 1(a, b) show the enhanced Loschmidt echoes
for a modified initial state, which will be described in
more detail in the following sections.]
Within a momentum/parity symmetry sector, the
eigenvalue level statistics of Hˆpost0 exhibit level repulsion,
indicating that the model is non-integrable [7]. More-
over, both initial states have the property that their en-
ergy expectation values are 〈ψ(0)| Hˆpost0 |ψ(0)〉 = 0, ex-
actly in the middle of the spectrum. Observables, if they
thermalise, would therefore be expected to thermalise to
their infinite-temperature values in this case. The fail-
ure to rapidly thermalise for |ψ(0)〉 = |Z2〉 was shown
to be due to quantum many-body scars, a band of spe-
cial ETH-violating eigenstates of Hˆpost0 that have a large
overlap with |Z2〉 [see Fig. 1(c, d), blue circles] [7, 8, 12].
The large overlap with the special states is reflected in
the effective dimension:
Deff ≡
(∑
n
|〈En|ψ(0)〉|4
)−1
, (3)
where |En〉 are the eigenstates of the post-quench Hamil-
tonian. Roughly speaking, the effective dimension is the
number of distict states through which the system evolves
in the course of its dynamics [25]. We note that this quan-
3tity has been used to derive bounds on the fluctuations
of observables around their equilibrium values, assuming
that the post-quench Hamiltonian has no resonant en-
ergy gaps [6, 26]. In Fig. 1(e) we see that Deff is much
lower for |ψ(0)〉 = |Z2〉 than for |ψ(0)〉 = |↓↓↓ . . .〉, as a
result of the large overlap with the quantum many-body
scars. Moreover, for |ψ(0)〉 = |↓↓↓ . . .〉 the effective di-
mension increases much more quickly with L than for
|ψ(0)〉 = |Z2〉 (black line vs. blue line). Our goal in this
paper is to find physically reasonable initial states that
further reduce the effective dimension.
III. MODIFYING THE PRE-QUENCH
HAMILTONIAN
The initial states |ψ(0)〉 = |Z2〉 and |ψ(0)〉 = |↓↓ . . .〉
considered in the previous section can be represented as
ground states of the pre-quench Hamiltonian:
Hˆpre0 = Pˆ Hˆpre0 Pˆ, Hˆpre0 =
~∆
2
L∑
j=1
σˆzj . (4)
Choosing ∆ > 0 gives the ground state |↓↓↓ . . .〉. With-
out the projector Pˆ implementing the Rydberg blockade
the ground state for ∆ < 0 would be |↑↑↑ . . .〉. However,
with the blockade, consecutive ↑-states are forbidden,
and choosing ∆ < 0 gives the degenerate ground states
(|Z2〉 ± |Z′2〉)/
√
2, with the “+” state (|Z2〉 + |Z′2〉)/
√
2
in the (k, p) = (0, 1) symmetry sector and the “-” state
(|Z2〉−|Z′2〉)/
√
2 in the (k, p) = (pi,−1) symmetry sector.
In any experiment we expect to see spontaneous breaking
of the translation and reflection symmetries, giving one
of the two Ne´el states |Z2〉 or |Z′2〉 as the ground state.
This is discussed in more detail in Appendix A.
It is natural to ask if one can further reduce the ef-
fective dimension Deff, with a physically plausible de-
formation Hˆpre0 → Hˆpre of the pre-quench Hamiltonian.
To ensure the the pre-quench Hamiltonian Hˆpre is physi-
cally reasonable we restrict to local deformations of Hˆpre0 .
We also assume that the new pre-quench Hamiltonian
preserves both the translation-invariance and reflection-
invariance of the original pre-quench Hamiltonian. We
note that if the ground state |ψ(0)〉 is an eigenstate of the
excitation number parity operator Πˆ ≡ ⊗Lj=1 σˆzj , and if
the post-quench Hamiltonian that has particle-hole sym-
metry {Hˆpost, Πˆ} = 0, then we have
〈ψ(0)| Hˆpost |ψ(0)〉 = 〈ψ(0)| ΠˆHˆpostΠˆ |ψ(0)〉 (5)
= −〈ψ(0)| Hˆpost |ψ(0)〉 (6)
and so 〈ψ(0)| Hˆpost |ψ(0)〉 = 0. Thus, it is convenient
to require the pre-quench Hamiltonian to also have par-
ity symmetry [Hˆpre, Πˆ] = 0, since this pins the energy
expectation value of the initial state to the middle of
the spectrum of Hˆpost. We search for local deformations
Hˆpre0 → Hˆpre that satisfy our criteria above, and that
have the effect of reducing Deff.
After numerically testing various nearest neighbour
and next-nearest neighbour terms, we find that the de-
formation of the form Hˆpre0 → Hˆpre = Pˆ HˆprePˆ , where
Hˆpre = Hˆpre0 + δHˆ
pre
2 , (7)
δHˆpre2 = ~
L∑
j=1
(gx2 σˆ
x
j σˆ
x
j+2 + g
y
2 σˆ
y
j σˆ
y
j+2), (8)
has the most significant effect in decreasing the effective
dimension Deff. Before showing this, we briefly discuss
some of the ground state properties of Hˆpre after includ-
ing the next-nearest neighbour terms, since this ground
state will be the initial state for the subsequent dynamics.
A vanishing energy gap δ = 0 between the two lowest
eigenstates of Hˆpre implies an ambiguity about which su-
perposition of the degenerate states represents the true
ground state. As mentioned previously, this situation
already arises for the unperturbed pre-quench Hamilto-
nian Hˆpre0 . However, the ambiguity is resolved by spon-
taneous symmetry breaking, which leads to one of the
Ne´el states. In Fig. 2 (left column) we plot the en-
ergy gap δ between the two lowest eigenstates of Hˆpre,
for the parameters (gx2 , g
y
2 ,∆ = −1) and for system sizes
L ∈ {18, 20, 22, 24}. We see that, particularly for L/2
odd, there are large regions of parameters that (up to
numerical precision) result in a ground state degeneracy
δ = 0. In Appendix A we outline our procedure, based on
spontaneous symmetry breaking, for choosing the ground
state in our numerical calculations when δ = 0.
IV. DECREASED Deff AND ENHANCED
REVIVALS VIA MODIFIED INITIAL STATES
We now show numerically that the modification of the
pre-quench Hamiltonian by the next-nearest neighbour
deformation Eq. 8 can lead to a reduced effective dimen-
sion for the dynamics. In Fig. 2 (right column) we plot
the effective dimension for initial states corresponding to
the pre-quench Hamiltonian parameters (gx2 , g
y
2 ,∆ = −1)
for L ∈ {18, 20, 22, 24}. We see that there is a broad re-
gion of parameters that result in a decreased Deff com-
pared to the unmodified pre-quench Hamiltonian param-
eters (gx2 , g
y
2 ,∆) = (0, 0,−1). The optimal parameters
(gx,opt2 , g
y,opt
2 ,∆ = −1) that minimimise the effective di-
mension are marked with a cross. By refering to the left
column of Fig. 2, we see that if L/2 is odd, the optimal
parameters (gx,opt2 , g
y,opt
2 ,∆ = −1) fall within the region
of ground state degeneracy, but that if L/2 is even the
optimal ground state is in a non-degenerate phase.
Not only is Deff at its minimum value for
(gx,opt2 , g
y,opt
2 ,∆ = −1), but Figs. 1(a, b) show that it
also leads to a significant enhancement of the Loschmidt
revivals, and a slowdown in their decay (red lines vs. blue
lines). There is a qualitative difference in the dynamics
depending on whether L/2 is odd or even [Fig. 1(a) vs.
Fig. 1(b)], due to the initial state belonging to different
4FIG. 2. Left column: the energy gap δ between the two low-
est energy eigenstates of Hˆpre for the Hamiltonian parame-
ters (gx2 , g
y
2 ,∆ = −1) (see Eqs. 7, 8). Right column: the
effective dimension Deff for the initial state corresponding to
(gx2 , g
y
2 ,∆ = −1), and for the post-quench Hamiltonian Hˆpost0 .
The minimum value of Deff is marked with a cross.
ground state phases of Hˆpre in either case. If L/2 is odd
[Fig. 1(b)], the Loschmidt probability decays to zero, but
revives periodically. On the other hand, if L/2 is even,
the Loschmidt probability fails to decay completely to
zero, and has a revival frequency that is double that of
L/2 odd.
To understand these features of the dynamics we plot
the overlaps of the initial state at the optimal point with
the eigenstates of the post-quench Hamiltonian Hˆpost0 .
Figs. 1(c, d) show shows that our modification of the
pre-quench Hamiltonian has the effect of increasing the
overlap of the initial state with the scar states nearest to
the middle of the spectrum, while decreasing the over-
lap with the scar states further from the middle of the
spectrum [red triangles vs. blue circles]. For L/2 even,
the overlap is dominated by a single scar state at zero-
energy, with all other overlaps at least an order of mag-
nitude smaller [Fig. 1(c)]. The dynamics is therefore
partly “stuck” in this eigenstate and cannot completely
evolve to an orthogonal state, so that L(t) cannot decay
completely. If L/2 is odd there are three scar states in
the middle of the spectrum that have significant over-
lap with the initial state [Fig. 1(d)]. This is sufficient for
the initial state to evolve to an approximately orthogonal
state, leading to a full decay of L(t) between its revivals.
The growth of the effective dimension with the system
size L is shown in Fig. 1(e). For the thermalising ini-
tial state |ψ(0)〉 = |↓↓↓ . . .〉 [(gx2 , gy2 ,∆) = (0, 0,+1)], we
see that the effective dimension increases rapidly with L,
while for the non-thermalising Ne´el state [(gx2 , g
y
2 ,∆) =
(0, 0,−1)] the rate of increase is much slower. For the op-
timal initial state [(gx,opt2 , g
y,opt
2 ,∆ = −1)], the increase
of the effective dimension is slower still. Despite being a
quantum chaotic system, the effective dimension is just
Deff ≈ 2.3 for the optimal initial state at L = 28. For
comparison, the (k, p) = (0, 1) symmetry sector in which
the dynamics takes place has a much larger dimension
D = 13, 201 [excluding the trivial zero-energy eigenstates
Pˆ |E〉 = 0], showing that the dynamics takes place in a
very small fraction of the accessible Hilbert space.
V. CONCLUSION
In this paper we have shown that the slowdown of
equilibration due to quantum many-body scars can be
enhanced by local deformations of the pre-quench Hamil-
tonian (i.e., the initial state). This complements recent
results by Choi et. al. which have shown that (for the
initial Ne´el state) revivals can also be enhanced by local
deformations of the post-quench Hamiltonian [13]. Our
approach to identifying slowly equilibrating initial states
is to minimise the effective dimension Deff. We note that
a different approach, based on a time-dependent varia-
tional principle, was also recently developed in Ref. [27].
We have found that the most significant decrease in
Deff is achieved by adding next-nearest neigbour inter-
actions to the pre-quench Hamiltonian. The absence of
nearest neighbour terms here is unusual from the point
of view of experimental implementation, since interac-
tion strength usually does not increase with increasing
distance. However, our pre-quench Hamiltonian with
next-nearest neighbour interactions on the spin-1/2 chain
can be mapped exactly onto a spin-1 chain with nearest
neighbour interactions, by blocking neigbouring pairs of
spin-1/2 particles together as a single spin-1 (the |↑↑〉 ba-
sis state is excluded by the Rydberg blockade) [14]. The
spin-1 model may therefore be more relevent for experi-
mental implementation of the pre-quench Hamiltonian.
Possible avenues of future research include expanding
the range of the interaction in the pre-quench Hamilto-
nian, and modifying the post-quench Hamiltonian [13]
5and the pre-quench Hamiltonian together.
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Appendix A: Ground state properties of the pre-quench Hamiltonian
For a pre-quench Hamiltonian Hˆpre with vanishing energy gap δ = 0, there is an ambiguity about which super-
position of the degenerate states represents the true ground state. Our numerics show that for the Hˆpre specified
by Eqs. 7, 8 one of the two degenerate ground states |ψp=1〉 always belongs to the even-parity (p = 1) symmetry
sector, while the other degenerate ground state |ψp=−1〉 belongs to the odd-parity (p = −1) symmetry sector. To
see the role of spontaneous symmetry breaking, we consider the splitting of the degeneracy by the local perturbation
Hˆpre → Hˆpre + Hˆpert, where Hˆpert = ~∑Lj=1(−1)jPˆ σˆzj Pˆ is a “staggered potential”, alternating in sign with the
chain site index, and  is arbitrarily small. By degenerate perturbation theory, the first-order perturbed eigenstates
are found by diagonalising the staggered perturbation in the degenerate subspace, i.e., by diagonalising the 2 × 2
Hermitian matrix (
 〈ψp=1| Hˆpert |ψp=1〉  〈ψp=1| Hˆpert |ψp=−1〉
 〈ψp=−1| Hˆpert |ψp=1〉  〈ψp=−1| Hˆpert |ψp=−1〉
)
. (A1)
However, we use the fact that |ψp=±1〉 are eigenstates of the spatial reflection operator Rˆ, as well as the identity
Rˆ†HˆpertRˆ = −(−1)LHˆpert, to show that the diagonal matrix elements vanish when L is even:
〈ψp=±1| Hˆpert |ψp=±1〉 = 〈ψp=±1| Rˆ†HˆpertRˆ |ψp=±1〉
= −〈ψp=±1| Hˆpert |ψp=±1〉
= 0.
Since, for the Hamiltonian Hˆpre, the eigenstates |ψp=±1〉 can always be chosen to be real [28], the off-diagonal elements
of the 2 × 2 matrix are real, and equal to each other x ≡ 〈ψp=1| Hˆpert |ψp=−1〉 = 〈ψp=−1| Hˆpert |ψp=1〉. Thus, the
matrix Eq. A1 is equal to: (
0 x
x 0
)
, (A2)
and has the energy eigenstates:
|ψ±〉 = 1√
2
(
|ψp=1〉 ± x|x| |ψp=−1〉
)
. (A3)
Which of the two states |ψ±〉 has the lower energy depends on the sign of x. In this paper, if there is a ground state
degeneracy we assume that x → 0− tends to zero from below, and that the ground state is |ψ(0)〉 = |ψ+〉. By this
procedure we calculate the appropriate ground state |ψ(0)〉 to use in the case of a ground state degeneracy.
